The exact electronic ground-state density and external potential are used to improve the accuracy of approximate density functionals. Our approach combines the advantages that the exact exchange-correlation energy functional is more local for full-coupling strength than for the coupling-constant average, and that knowledge of the exact virial can be used to reduce the exchange energy error by a factor of 2.
In Eq. ͑3͒, we suggest using the exact v XC (r) and density (r) to evaluate the virial, and a spin-density functional approximation for E XC, ϭ1 . Because Eq. ͑3͒ employs the exact virial, the error made by the functional approximation to the exchange energy is reduced by a factor of 2, as in Eq. ͑14͒ of Ref. ͓13͔ . Furthermore, because Coulomb-correlated electrons avoid each other, the ϭ1 on-top (uϭ0) hole is deeper than its coupling-constant average. But the systemaveraged hole satisfies the charge conservation rule ͐d 3 u͗ XC, (u)͘ϭϪ1, so deeper holes are shorter ranged. Local spin-density ͑LSD ͓14͔͒ and semilocal ͓such as Perdew and Wang ͑PW91͒ ͓15͔͔ approximations to the systemaveraged hole are typically most accurate at small u ͓16͔, and least accurate at large u ͓17͔, as one would expect intuitively. Thus LSD and PW91 typically work better ͓18͔ for E XC,ϭ1 than for E XC . We therefore make these approximations for E XC,ϭ1 in Eq. ͑3͒, undoing the coupling-constant average as in Ref. ͓19͔ . In Table I we give the results of Eq. ͑3͒ applied to both LSD and PW91, for the few atoms for which the Kohn-Sham potential has been reliably calculated *Permanent address after July 1, 1996: Department of Chemistry, Rutgers University, Camden, NJ 08102. ͓6,20-22͔. We see that both LSD and PW91 errors are typically reduced, often by a factor of 2 to 3. In constructing the table, the virial had to be evaluated on the exact density ͑see below͒, but we evaluated the density functional E XC,ϭ1 on the spin-restricted Hartree-Fock density, for convenience sake. For the Be atom, in which the difference between the Hartree-Fock and exact densities is greatest, we show results for the density functionals evaluated on both densities. We find that, while the results of the functionals change noticeably, the improvement due to Eq. ͑3͒ is present in either case. This justifies our use of HartreeFock densities for the functional evaluation in other parts of the table, where these differences are expected to be much smaller.
To see why v XC (r) and its virial had to be constructed from the exact density, consider the results when inexact densities are used. Application of Eq. ͑1͒ to the selfconsistent density and potential for an approximate functional yields the functional approximation to E XC ϩT C , so that Eq. ͑3͒ simply recovers the original approximation. On the other hand, if we start from the Hartree-Fock density, the corresponding potential is essentially the exact v X (r), and the right-hand side of Eq. ͑1͒ becomes essentially the exact E X . ͑We assume the slight differences between the exact exchange-only and Hartree-Fock densities to be negligible here ͓24͔.͒ Inserted into Eq. ͑3͒, this HartreeFock approximation for the virial of Eq. ͑1͒ yields E XC Ӎ(E XC,ϭ1 ϩE X )/2. ͑In the particular case where E XC,ϭ1 is calculated within LSD, this is Becke's half-andhalf hybrid ͓25-27͔.͒ This procedure typically improves upon the energy of LSD, but is not as good as using the exact virial in Eq. ͑3͒, except when (E C ϩT C )/E C Ϸ0, i.e., in the tightly bound or high-density limit.
In fact, if the exact density and external potential are known, the accuracy of Eq. ͑3͒ may be obtained for the total energy directly, without constructing v XC (r) at all. For this purpose, the exact relation of Eq. ͑14͒ of Ref. ͓13͔ may be rewritten as
where E 0 is the total electronic ground-state energy, and U is the Hartree energy, ͐d 3 r͐d 3 rЈ(r)(rЈ)/2͉rϪrЈ͉. For an atom, the virial theorem of Eq. ͑4͒ asserts that the total energy is half the potential energy. Since E XC,ϭ1 /2 is approximated in either Eq. ͑3͒ or Eq. ͑4͒, these equations make the same absolute errors. However, to go back and extract E XC from E 0 requires knowledge of T S , the noninteracting kinetic energy. Again, to obtain the accuracy of Table I from Eq. ͑4͒, the Hartree-Fock density can be used instead of the exact density only in the evaluation of E XC,ϭ1 .
We close by noting that, while Eq. ͑3͒ represents a systematic improvement on both LSD and PW91 exchange correlation, it does not provide a new functional in the normal sense. This is because the procedures used here require as input both the exact density and the external potential of the system. There is no obvious way to modify them to produce a self-consistent scheme that yields the exact density and, through Eq. ͑4͒, a highly accurate energy. Equations ͑3͒ and ͑4͒ may become of more direct interest once sufficiently accurate experimental valence densities are available ͓28͔.
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